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ABSTRACT
A parallel multi-block Navier-Stokes solver with the k-ω

turbulencemodelis developedto simulatethe3-dimensionalun-
steadyflow throughanannularturbinecascade.Resultsat mid-
spanarecomparedwith theexperimentalresultsof StandardTest
Case4. Comparisonsaremadebetween3-dimensionaland2-
dimensional,andinviscidandviscoussimulations.Theinclusion
of aviscousflow modeldoesnotgreatlyaffectthestabilityof the
configuration.

NOMENCLATURE
bc magnitudeof bladedisplacementnon-dimensionalisedwith

chord
Cp Surfacesteadypressurecoefficient
Cp
�
n� nth modeof surfaceunsteadypressurecoefficient

c bladechord
E totalenergy perunit mass
e internalenergy perunit mass
H totalenthalpy perunit mass
h enthalpy perunit masse � p � ρ
k turbulencemixing energy
kc reducedfrequency
PrL laminarPrandtlnumber
PrT turbulencePrandtlnumber
p1 staticpressureat inlet
p01 total pressureat inlet

p � n� nth modeof unsteadypressure
p pressure
t time
u, v, w velocitycomponentsin thex, y andzdirections
ū, v̄, w̄ relativevelocitycomponents
x, y, z spatialvelocitycomponents
φp
�
n� phasenth modeof unsteadypressure

µ molecularviscosity
µT turbulenceeddyviscosity
ρ density
ω turbulencespecificdissipationrate
γ ratioof specificheats
Ξ dampingcoefficient

INTRODUCTION
With the developmentof computers,increasinglycomplex

modelshave been generatedto reproducethe aeroelasticre-
sponsein turbomachinery.

Therehave beena large numberof 2-dimensionalstudies
into the phenomenonof aeroelasticityin turbomachineryand
thesehave beenreferencedin a numberof review papers(Imre-
gun,1998;Srinivasan,1997;Marshall& Imregun,1996;Verdon,
1993).Howevertheimportanceof 3-dimensionalandviscousef-
fectsin thefluid bladecouplingandtheability of 3-dimensional
viscoussimulationsto model unsteadyaerodynamicshasonly
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beeninvestigatedby a limited numberof researchers.The un-
steadyNavier-Stokesequationswith a linearisedk-ω turbulence
model hasbeenappliedthe 2-dimensionalStandardTest Case
10 that involvesseparatedflow (Holmes& Lorence,1998).The
analysisof a bird-damagedfan assemblyhasbeeninvestigated
usingtheNavier-Stokesequationswith aone-equationBaldwin-
Barth turbulencemodelanda coupledapproach(Ferrariet al.,
1999). Thethin-layerNavier-Stokesequations(Marshall& Im-
regun,1996)andviscouslossmodels(Saymaet al., 1998)have
beenusedto approximatethe unsteadyviscouseffects in order
to reducecomputationtime. Eulersimulationsof turbomachin-
ery aeroelasticityhave also beenperformedfor 3-dimensional
configurations(Gerolymos& Vallet, 1996; Chuang& Verdon,
1999).Themajorityof theseinvestigationshaveconcentratedon
the ability of the simulationto predictthe stability of a config-
urationratherthana direct comparisonof the unsteadyaerody-
namicswith experimentalmeasurements.

In general,computationalstudiesof unsteadyaerodynamics
requireresourcesthatarewell beyonda singleprocessor. How-
ever the developmentof multiple processorsystemshasgreatly
increasedcomputationalspeedthroughthe calculationof prob-
lems in parallel. The solutionof field andfluid problemslend
themselveseasilyto solutionin parallel,asthecomputationaldo-
main maybe divided into blocksandthe field equationssolved
for onseparateprocessors.A 3-dimensionalandunsteadyNavier
Stokescodehasbeendevelopedfrom a codethatcalculatedthe
steadystatesolutionfor singlebladepassagesin turbinecascades
(Liu & Jameson,1993;Liu & Zheng,1994;Liu & Zheng,1996;
Liu et al., 1998).Thenew implementationincludesanunsteady
solver, moving grid, multiple processorcapabilityandstructural
model.

Few 3-dimensionalexperimentalmeasurementsexist in the
field of unsteadyaerodynamicsin turbomachinery. A largeeffort
hasbeenmadeto compilemeasurementsfor oscillatingcascades
thataretypical of thosefoundin industrythroughtheWorkshop
on Aeroelasticityin Turbomachines(Bölcs & Fransson,1986),
however measurementsin thesecasesaremadeat mid spanand
blademotion is symmetricin the radial planeto minimise the
3-dimensionaleffectson results.

TheStandardTestCase4 is describedasahighly loadedtur-
binerotor, involving typicalsectionsof modernfreestandingtur-
bineblades(Bölcs& Fransson,1986).Theflow is highsubsonic
andthebladenormallyexhibitsflutter in thefirst bendingmode.
To simulatetheunsteadyflow, thebladeis forcedto oscillatein
this bendingmodeby translationat anangleto theaxial axis in
theradialplane.Viscouseffectsin two dimensionalmodelshave
beensimulatednumericallyfor this caseby otherauthorsusing
the Navier-Stokesequationswith the algebraicBaldwin Lomax
Model(Grueber& Carstens,1998)andthek-ω turbulencemodel
(Ji & Liu, 1999).

Recently, completeconditionsat thecascadeinlet andoutlet
planehave beenmadeavailablefor StandardTestCase4. This

allows theauthorsto validatethe3-dimensionalimplementation
andinvestigatethedifferencebetweenanumberof differentcas-
cademodels. Blade stability will be calculatedby way of the
energy method.

Cascade Model
Therearetwo differentgeometricconfigurationsconsidered.

Thefirst is a2-dimensionalcascademodelwherethedimensions
of the2-dimensionalslicearetakento beat mid-spanof theex-
periment.Thesecondinvolves3-dimensionalannularpassages.
The inlet and outlet planelies one chord upstreamand down-
streamof theblade’s leadingandtrailing edges,respectively.

Lane’s (Lane,1956)travelling wave modelis usedwherea
singlevibrationalmodeshapeis considered,with aninter-blade-
phase-angle(IBPA) assumedbetweenadjacentbladepassages.
Sincetherearea finite numberof possibleIBPA’s for a rotor of
finite radius,onlyalimitednumberarerequired.In thenumerical
simulation,theannularor linearcascadeis truncatedatthelowest
numberof passagesrequiredandperiodicity is assumedat the
boundariesof the cascade.As many passagesare requiredto
repeattheflow patternandvibrationmodeshape.

The frequency of vibration is specifiedas a reducedfre-
quency,

kc � cω
2Uref

whereUref is the magnitudeof the flow velocity at the outlet.
Steadyandunsteadysurfacepressurecoefficientsarereferenced
to theinlet staticpressure,

Cp � p � p1

p01 � p1 �
Cp
�
n� � p � n�

bc � p01 � p1 �
	
Theenergy methodis appliedto determinethestability of a

particularconfiguration.Theunsteadyaerodynamicwork coeffi-
cientis integratedover theentirebladefor a cycleof oscillation.
Thisquantityis transformedto thefrequency domainusingafast
Fourier transform.Sincethe signalis almostpurely sinusoidal,
thereis a single dominantmode. This modeis regardedas a
complex numberand the phaseof the forcing function is zero,
thereforetheimaginarypartof thework function,alsoknown as
thedampingcoefficient,maybeusedto indicatethestability of
the configuration.A negative coefficient is stable– the forcing
functionleadstheforcingof thebladeandthemotionis damped.
If thecoefficientis positive,theforcingof thebladeleadsthedis-
placementfunction andthusaddsenergy to the systemandthe
systemis unstable.
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For the3-dimensionalsimulationsthe radialdistribution of
inlet quantitiesof total pressure,total temperatureandflow an-
gle areprescribed,while at the outlet the radial distribution of
pressureis prescribed.At theperiodicboundaries,velocitiesare
rotatedthroughtheappropriateanglefor theannularcase.

Governing Equations and Numerical Method

Thefluid field equationssolvedarethe3-dimensional,Favre
averagedNavier-Stokesequationscoupledwith theenergy equa-
tion andWilcox’s (Wilcox, 1988)k-ω turbulencemodelfor clo-
sure. Thesearedescretizedon a structuredhexahedralgrid us-
ing the finite volumerepresentation.Theartificial dissipationof
Jameson(Jamesonet al., 1981) is implemented.The k-ω tur-
bulencemodel is solved in a similar manneron the samefinite
volume meshwith someof the termstreatedimplicitly to aid
convergenceand stability (Liu & Zheng,1994; Zheng& Liu,
1995;Liu & Zheng,1996). The turbulencemodelschemewas
changedfrom cell vertex to cell centredueto messagepassing
and stability issues. Both setsof equationsare solved explic-
itly in a coupledmannerthrougha 5 stageRungeKuttascheme.
Thetime accurateunsteadysolutionis foundthroughJameson’s
fully implicit dualtimesteppingscheme(Jameson,1991;Alonso
& Jameson,1994;Alonso,1997).

Thefluid governingequationscanbewrittenin integralform
overa fixedcontrolvolumeΩ as

∂
∂t

���
Ω

wdΩ ��
 fdSx � gdSy � hdSz� 
 fµdSx � gµdSy � hµdSz � ���
Ω

SdΩ (1)

wherew includetheconservativevariablesfor mass,momentum,
energy, turbulentkineticenergyandturbulentspecificdissipation
rate;f, g andh aretheconvectiveflux vectors;fµ, gµ andhµ are
thediffusive flux vectors;andS is a volumesourceterm. These
aregivenby

w �
��������� ρ

ρu
ρv
ρw
ρE
ρk
ρω

���������� � f �
��������� ρū

ρuū � p
ρvū
ρwū

ρEū � pu
ρkū
ρωū

���������� �

g �
��������� ρv̄

ρuv̄
ρvv̄ � p

ρwv̄
ρEv̄ � pv

ρkv̄
ρωv̄

���������� � h �
��������� ρw̄

ρuw̄
ρvw̄

ρww̄ � p
ρEw̄ � pw

ρkw̄
ρωw̄

���������� �

fµ �
����������

0
τ̂xx

τ̂yx

τ̂zx

uτ̂xx � vτ̂yx � wτ̂zx � � µ � σ � µT � ∂k
∂x � qx� µ � σ � µT � ∂k

∂x� µ � σµT � ∂ω
∂x

����������� �

gµ �
�����������

0
τ̂xy

τ̂yy

τ̂zy

uτ̂xy � vτ̂yy � wτ̂zy � � µ � σ � µT � ∂k
∂y � qy� µ � σ � µT � ∂k

∂y� µ � σµT � ∂ω
∂y

� ���������� �

hµ �
����������

0
τ̂xz

τ̂yz

τ̂zz

uτ̂xz � vτ̂yz � wτ̂zz � � µ � σ � µT � ∂k
∂z � qz� µ � σ � µT � ∂k

∂z� µ � σµT � ∂ω
∂z

����������� �

S �
��������� 0

0
0
0

τi j
∂ui
∂xj
� β � ρωk

αω
k τi j

∂ui
∂xj
� βρω2

� �������� 	 (2)

In the above equations,t is time, ρ density, p pressure,µ
molecularviscosity, k turbulentmixing energy, andω thespecific
dissipationrate.Subscriptsi � 1 � 3 indicatethethreecoordinate
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directions. Quantitiesxi , or x, y and z, standfor the position
vectorsandui , or u, v andw, arethe flow velocity components
in the x, y andz directions. The total energy andenthalpy are
definedE � e � k � uiui � 2 andH � h � k � uiui � 2, respectively,
with h � e � p� ρ, ande is the internalenergy. Otherquantities
aredefinedin thefollowing equations:

µT � α � ρk
ω

(3)

Si j � 1
2 � ∂ui

∂x j
� ∂u j

∂xi � (4)

τi j � 2µT � Si j � 1
3

∂uk

∂xk
δi j � � 2� 3ρkδi j (5)

τ̂i j � 2µ � Si j � 1
3

∂uk

∂xk
δi j � � τi j (6)

q j � � Cp � µ
PrL
� µT

PrT � ∂T
∂x j

(7)

wherePrL andPrT arethe laminarandturbulent Prandtlnum-
bers,respectively. The molecularviscosity, µ, is calculatedby
Sutherland’s law. β, β � , α, α � , σ, andσ � areclosureparameters
for thek-ω turbulencemodel.

A dualtimesteppingscheme(Jameson,1991)is usedto cal-
culatetheunsteadyflow problem.A secondorderaccurate,fully
implicit schemeis usedto evolve theunsteadyproblemin a time
accuratemanner.

Parallel Implementation
Domaindecompositionis usedto sub-divideeachbladepas-

sageinto a numberof blocks. The MessagePassingInterface
(MPI) is usedto implementtheparallelcode.Bothflow andtur-
bulencemodelquantitiesarepassedatblock boundaries.Within
the codeeachblock is considereda singleentity – only bound-
ary informationis required.Thetwo equationturbulencemodel
requiresonly local knowledgeof the flowfield, unlike someal-
gebraicmodelsthat requireglobal length scalecalculationsto
maintaincontinuityoverblockboundaries.

A high level of Fortran90 is implementedand flowfield
quantitiesare consideredas high level objects. In the appli-
cationof boundaryconditions,a transformationis usedfor the

coordinatesystemso that eachroutine is written for onesetof
coordinatesonly. Theflow andgeometricquantitiesfor themul-
tiple grids within the multigrid solver arealso regardedasob-
jects,with residualsandtheflow field interpolatedbetweenthese
blocks.

Themoving grid is implementedthroughtransfiniteinterpo-
lation within eachcomputationalblock. This methodis highly
efficient andrequireslesscomputationalwork thanregenerating
thegrid completelyat every timestep.Moving facesattachedto
thebladeareassigneda bladenumberandfrom this is assigned
a phasefor theprescribedoscillation.Thesearecollectedon the
root processorandat every real time stepthe grid is adaptedto
thenew positionof theblades.Themoving grid methodhasbeen
successfullyappliedto the modellingof aeroelasticityin wings
(Wong et al., 2000; Liu et al., 2000) and in two dimensional
analysisof turbineaeroelasticity(Sadeghi & Liu, 2000).Details
of themethodandits implementationhave beenpreviously pre-
sented(Wonget al., 2000).

Results and Discussion
Inviscid andNavier-Stokessimulationswereperformedfor

both 2-dimensionaland 3-dimensionalconfigurationsof Stan-
dard Test Case4. Within Test Case4 thereare a numberof
measurements;resultsherearecomparedwith Test627. In this
case,the passageflow wasin the high sub-sonicregime with a
reducedfrequency of kc � 0 	 1187andinvolving a bendingam-
plitudeof bc � 3 	 8 � 10� 3. At the inlet Main � 0 	 18 andat the
outlet Maout � 0 	 9. It wasfound thatusingthe presentmethod
about4 oscillationswererequiredfor a convergedunsteadyso-
lution asdescribedin previouswork (Ji & Liu, 1999).

Thegrid convergenceof thek-ω simulationswasonly per-
formed for 2-dimensionalconfigurations. It was found that a
meshof 160 � 64 was sufficient to provide grid convergence
with ay��� 3 atmid-chordon thesuctionside.A finergrid with
ay� � 1 wasalsoused,however this producedavariationin the
steadypressurecoefficient of lessthan1 percent. The number
of cells was doubledin the axial direction but this madelittle
differenceto the steadysurfacepressurecoefficient. With the
typicalmesh,ahalf anorderof magnitudechangein thesmallest
cell sizeat theboundaryresultedin lessthat1 percentvariation
in the surfacepressurecoefficient. Basedon the 2-dimensional
grid convergencestudies,a meshof 160 � 64 � 64 is usedfor
3-dimensionalNavier-Stokessimulations. The largestgrid in-
volvedapproximately2.6 million pointsspreadover 32 compu-
tationalblocks.A typicalmeshfor afour passage,3-dimensional
Eulersimulationis shown in Figure1.

The steadypressurecoefficient is shown for both the 2-
dimensionaland 3-dimensionalcascadesin Figure 2. The 2-
dimensionalEuler andNavier-Stokesagreewell with otherau-
thors. However the 3-dimensionalresultsvary for both flow
models.Thek-ω resultsunder-predictthesuctionover theback
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portionof thebladesuctionside,while theinviscid resultunder-
predictsthesuctionin themid-chordregion. Thereasonfor this
deviation is notobvious,althoughit shouldbenotedthatthegrid
resolutionstudywasonly performedfor the2-dimensionalcase.

A comparisonof the unsteadypressurecoefficient for an
inter-bladephaseangle of 180 degreesis shown in Figure 3.
For the3-dimensionalresults,thepressurecoefficient is takenat
mid-span.TheEulerresultsdiffer from theNavier-Stokescalcu-
lations;thisis probablydueto thelackof blockagedueto thevis-
cousboundarylayer. Thereis somedeviationamplitudeat quar-
ter chord, however thesewere also observed in 2-dimensional
simulationsby otherauthors(Grueber& Carstens,1998)andas
yet is unexplained.Thereis a largedifferencein thepredictions
of thedistribution of phaseanglefor thesurfacepressurecoeffi-

Figure 1. Typical mesh for a four passage, 3-dimensional Euler simula-

tion.
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Figure 2. Steady surface pressure coefficient.

cient,in particularfor thesuctionsideregionbetweenmid-chord
andthetrailing edge.Theexperimentalmeasurementsof phase
for this regionfor theconfigurationareverydifferentfrom those
presentedearlier(Bölcs& Fransson,1986)andthenumericalre-
sultsfor phasecomparewell with thosefor theslightly different
flow conditionsby other authors(Grueber& Carstens,1998).
On the suctionside, the phaseis closestto the experimentally
measuredvalue wherethe magnitudeof the unsteadypressure
coefficient is highest.

Thereis goodagreementbetweenthe2-dimensionaland3-
dimensionalmodels.Figure4 showssimilar resultsfor anIBPA
of 90 degrees;the inviscid result dropsbelow the viscousone
at mid chord– it is assumedthat this is onceagaindue to the
blockageof theboundarylayer.

Theunsteadyresultswereinvestigatedalongthespanof the
blade,asshown in Figure5. Theeffectsof thepassagevortices
on theunsteadypressurecoefficient appearminimal andtheco-
efficienton thesuctionsidecollapsesontoeachothertowardthe
trailing edge.Howeverat 10 percentspanfor theinviscid result,
thesuctionsidepressuredeviatesfrom theviscousresults.Un-
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Figure 3. Comparison of different models for first mode of unsteady

pressure coefficient for IBPA=180.
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steadypressurecoefficients in this figure are referencedto the
staticpressuresat themid-spanof thepassageinlet.

Bladesurfacepressureswere integratedover the displace-
mentcycle to gaugethe stability of the configuration,usingthe
energy method.Resultsareshown in Figure6. A positivedamp-
ing coefficient indicatesa stableconfigurationandconverselya
negative coefficient is unstable.A descriptionof thecalculation
of this quantityis alsoprovidedin BölcsandFransson(1986).

It is interestingto notethat the differentunsteadypressure
coefficientsof thevariousmodelsproducesimilardampingcoef-
ficients. Eventhoughthe experimentinvolvedsix pressuretaps
on eachbladesurface,it providedsufficient resolutionto com-
parewell with thesimulations.

Uncertainty remainsregarding the condition of the inlet
boundarylayer, and the condition of the blade boundarylay-
ers. The presentsimulationhasassumedfully turbulent walls.
However it is believedthatrefinementswill notalterthestability
predictionsto a largedegree.
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Figure 4. Comparison of different models for first mode of unsteady

pressure coefficient for IBPA=90.

Conclusions
A parallelunsteady3-dimensionalNavier-Stokescodewith

a two-equationturbulencemodelhasbeendevelopedto simulate
unsteadyflows throughoscillating turbomachinerybladerows.
Althoughthe3-dimensionalsimulationstendto over-predictthe
amplitudeof the unsteadypressureoscillation, thereis reason-
ableagreementwith experimenton the overall behaviour in the
unsteadypressuredistributionsandaerodynamicsdampingcoef-
ficients.

The purpose of the is paper is to document unsteady
aeroelasticsimulation results, especially effects due to 3-
dimensionalityand viscosity, by a multi-block 3-dimensional
Navier-Stokescodewith thek-ω two equationturbulencemodel.
Computationsof theStandardTestCase4, however, show only
small differencesbetweenresultsby the 3-dimensionalviscous
codeand 2-dimensionalinviscid solutions,indicating that this
is essentially2-dimensionalandviscouseffectsarenot impor-
tant on the flutter stability for this case. Furtherinvestigations
arerequiredto examinecaseswhereviscouseffectssuchastip
gapleakageandflow separationmayhaveagreaterinfluenceon
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Figure 5. Comparison of unsteady pressure coefficient at different span-

wise locations for 3D model for IBPA=180.
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aeroelasticstability.
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