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Influence of the Regression Error of the Response Surface
to the Diagnostic Accuracy of the Unsupervised Statistical
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Summary
The present study is about study on the diagnostic accuracy of the unsuper-

vised damage diagnosis method named SI-F method. For the health monitoring of
existing structures, modeling of entire structure or obtaining data sets after creat-
ing damage for training is almost impossible. This raises significant demand for
development of a low-cost diagnostic method that does not require modeling of en-
tire structure or data on damaged structure. Therefore, the present study proposes
a low-cost unsupervised statistical diagnostic method for structural damage detec-
tion. The proposed method statistically diagnoses structural condition by means of
investigating the change of a response surface which conducts the system identifi-
cation between sensor outputs. The response surface is calculated as a regression
model of relationship between multiple sensors. The shape of the response surface
is changed reflecting the change of the structural condition. In this method, the
change of the response surface is statistically investigated with the F-test. In the
F-test, the threshold of normal or damaged condition is decided with only theoret-
ical F-probability distribution. This theoretical F-distribution is easily calculated
using the response surface parameters. Therefore, diagnosis is conducted by means
of only intact data used for the reference data. This means the proposed method
doesn’t require information about the damaged condition.
Since the SI-F method is able to detect the damage in the structure by judging the
deviation from the normal state, it is important to reduce the false positive detec-
tion for raising the reliability of the structure. In the present study, to clarify the
relationship between the condition of the false positive detection, diagnostic accu-
racy and the regression error of the response surface, several numerical simulations
were carried out.

Introduction
A large number of the structures including the bridge, the power plant, etc. are

reaching their lifetime considered when they designed. Since a lot of the structures
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deteriorate due to aging, cost for maintenance is increasing year by year. Previ-
ously, the integrity of the structure was evaluated by the in service inspection (ISI)
using the visual inspection, or the kinds of non-destructive test such as CT, PT etc.
However, the cost of the ISI is remarkably high and those kind of structures must be
suspended during the inspection. Moreover, since they require the highly qualified
technicians, these types of inspecting might not be possible after major event. Thus
the Structural health monitoring attracts global attention as the technology raising
the reliability of structure and reducing the maintenance cost. Structural health
monitoring will be achieved by judging the integrity of the structure from analysis
of the physical parameter obtained from the sensor installed to the structure.

Although many researchers have developed the signal processing technology
to estimate the integrity of the structures ever, most of the previous methods were
not practical from several reasons. For instance, the complex physical model is
necessary to utilize the FEM analysis, and the large number of data acquired from
the fracture test is required to apply the neural networks. The SI-F method was sug-
gested by Iwasaki et al[1-2], as the reasonable damage detection algorithm which
doesn’t use the data of damaged state. By the SI-F method, damages are detected
by judging the statistical difference of data of intact state and present state. There-
fore, the SI-F method is novel damage detection algorithm which doesn’t use the
complex physical model for FEM and the training data for the neural networks.
The difference between the normal data and present data will be judged by the
difference of the correlation among the sensors attached. The correlation among
the sensors will be identified by the response surface methodology. The normal
response surface will be obtained from data acquired in the intact state, and the
detection response surface will be obtained from data acquired in present state. By
testing the similarity between the normal response surface and the detection re-
sponse surface using the F-test, it is possible to estimate the damage occurrence in
the structure. If the hypothesis of the similarity were rejected, damage would be
detected. Otherwise, integrity of the structure would be proved.

Since the SI-F method is able to detect the damage in the structure by judging
the deviation from the normal state, it is important to reduce the false positive de-
tection for raising the reliability of the structure. In the present study, to clarify the
relationship between the condition of the false positive detection, diagnostic accu-
racy and the regression error of the response surface, several numerical simulations
were carried out.

Procedures for the damage diagnosis
Damage diagnosis method using SI-F method

By the SI-F method[1-2], damages are detected by judging the statistical dif-
ference of data of intact state and present state. The difference between the normal
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data and present data will be judged by the difference of the correlation among
the output of the sensors equipped. The correlation among the sensor output will
be identified by the response surface methodology. The normal response surface
(NRS) will be obtained from data acquired in intact state, and the detection re-
sponse surface (DRS) will be obtained from data acquired in present state. By
testing the similarity between the NRS and the DRS using the F-test, it is possible
to estimate the damage occurrence in the structure. If the hypothesis of the similar-
ity were rejected, damage would be detected. Otherwise, integrity of the structure
would be proved.

System identification using response surface methodology
Response surface methodology is use for the system identification in this method.

Response surface methodology is employed for the process optimization in a qual-
ity engineering field. Response surface methodology consists of a design of exper-
iments to select the most suitable points for fitting the surfaces effectively and the
least-square-method to regress response surfaces. Response surface is the approxi-
mation function that expresses the relationship between a response and predictors.
Generally, a response surface is represented with the following formula.

y = f (x1,x2, · · · ,xl)+ε (1)

Where x are predictors, y is a response, ε is a regression error and l is a number of
predictors. In general, 1st or 2nd degree polynomial is used for response surface. In
the SI-F method, Response surface is applied to identify the correlation among sen-
sor output. By using the response surface, it is possible to detect the damage of the
structure of interest accurately regardless of the change of the boundary condition.

When the polynomial is used for the response surface, in terms of n observa-
tions, the equation (1) can be written in matrix form as follows.

Y = Xβ +ε (2)

Unbiased estimator of β (b) is obtained using the least-square-method as follows.

b =
(
XT X

)−1
XT Y (3)

Since the response surface is regressed from least-square method, sum of the squares
error (SSE) is defined as follow.

SSE = YT Y−bT XT Y (4)

When the regression model for the response surface is perfect, the residual error
follows the normal distribution.
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Similarity test of the response surface using statistical F-test
The similarity of the NRS and the DRS is tested by the F test that is generally

used for test of the similarity of the two distributions. By assuming the regression
error of each response surface is independent, and follows normal distributions of
the same variance, the test statistic F0 is defined as follows:

F0 =
SSE0 − (SSE1 +SSE2)

(SSE1 +SSE2)
n−2p

p
(5)

Where subscript 0 means the response surface with all data. Subscript 1 and 2
mean the NRS and DRS respectively. If two response surfaces are similar, the test
statistic F0 follows the theoretical F-distribution of degree of freedom (p,n-2p).
Thus critical limit for the hypothesis of similarity is defined as follows:

F0 > Fα
p,n−2p (6)

Influence of the regression error of the response surface to the diagnostic ac-
curacy of the statistical damage diagnostic method
Simulation model

As mentioned before, the influence of the regression accuracy of the response
surface to the accuracy of the damage diagnosis is considered here. For simulation,
3 sensor response surface model is considered. Sine wave with gaussian white
noise is used as the sensor measurement. The sensor measurement at arbitrary time
is shown by the following formula.

Ni = Ai sin(2π fit +ϕi)+e(t) (i = 1,2, ··,k) (7)

Where N is sensor measurement, t is time. A is the amplitude, f is frequency (=10),
ϕ (= 0, π /16, π /8, π /4, π /2) is the phase of the sine wave. e(t) shows a gaussian
white noise with 1 for variance, k is the number of the sensor. Since the polynomial
is used for the response surface, this "shift of the phase" means the irrelevancy of
the model of the response surface.

When the residual error only caused by the effect of the noise, the residual
error follows the normal distribution. As shown in the previous section, only the
case of the residual error follows the normal distribution, F0 distribution follows
theoretical distribution. Therefore, F0 distribution of the undamaged condition fol-
lows the theoretical distribution when the model of the response surface is perfect.
However, when the regression model of the response surface is not suitable for the
regression of the relation between the sensors, the residual error may not follow
the normal distribution. This section address the effect of residual error caused
by the irrelevancy of the model of the response surface. The irrelevancy of the
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model is simulated by the gap of the phase of the sine wave. Frequency Quadratic
polynomial is used for the response surface.

N1 = β0 +β1N2 +β2N3 +β3N2
2 +β4N2

3 +β5N2N3 (8)

Number of the data for regression is 100. In this case, theoretical distribution fol-
lows F(6,188). Damage is simulated as setting the amplitude A to the twice value.

Effect of residual error caused by the irrelevancy of the model of the response
surface

Figure 1 and 2 shows the probability distribution of F0 of the damage diagnosis
of the undamaged state and the damaged state when the phase shift is 0 and π /4 for
example. As shown in the figures, when the response surface model is not suitable,
the regression error does not follow the normal distribution and probability distri-
bution function of the F0 doesn’t follows the theoretical distribution. Table 2 shows
the result of test of goodness of fit between F0 distribution and theoretical distri-
bution using statistical χ2 test. 99% lower confidential interval of the test is 63.7.
As shown in the table, with the decrease of the regression accuracy, F0 distribution
deviate from the theoretical distribution and the probability of the false positive
detection increases. Table 2 shows together the average of F0 distribution of each
phase shift conditions. As shown in the table, since the average of theoretical distri-
bution is 1.01, at the damaged condition, deviation from the theoretical distribution
decreases when the phase shift of N1 increases. It means that the decrease of the
relevancy of the response surface causes the difficulty of the damage diagnosis.

To reduce the false positive detection and increase the diagnostic accuracy,
not only the model which maximizes the regression accuracy but also the model
which the regression error follows a normal distribution is necessary to select as
the response surface.

0

0.5

1

0 1 2 3 4 5

F 0

P
D

F

Phase shift:0

F(6,188)

(a) ϕ = 0

0

0.5

1

0 1 2 3 4 5

F 0

P
D

F

Phase shift: /4

F(6,188)

(b) ϕ = π/4

Figure 1: Influence of phase shift for the PDF of F0 (undamaged state)
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Figure 2: Influence of phase shift for the PDF of F0 (damaged state)

Table 1: Summary of the result of the simulation
0 /16 /8 /4 /2

R
2
adj 0.970 0.933 0.829 0.489 -0.004
2 36.4 200.0 350.0 547.0 654.0

Damaged E(F 0 ) 12.9 5.64 2.54 1.41 1.02

Undamaged

Conclusions
By conducting similarity tests of the two identified system by the F-test, the

present paper describes the new unsupervised damage diagnosis method. And re-
lationship between the condition of the damage detection and the regression error
of the response surface is clarified. As a result, to reduce the false positive detec-
tion and increase the diagnostic accuracy, not only the model which maximizes the
regression accuracy but also the model which the regression error follows a normal
distribution is necessary to select as the response surface.
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